The 
INTRODUCTION
In recent years, there has been great interest in synchronization within of a population of weakly coupled, self-sustained oscillators [1] [2] [3] . This interest has covered a wide range of fields including biology, chemistry, physics, and computer science. The first recorded instance of synchronization between weakly coupled oscillators came from the Dutch mathematician Christiaan Huygens, who in 1665 noticed that two pendulum clocks hanging from the same beam would eventually enter into anti-phase synchronization [4] . Since then many other kinds of coupled systems have been shown to synchronize [1] . Thermally-controlled systems are often made up of a large number of subsystems, each of which can act as a self-excited oscillator. It has been shown experimentally that the secondaries in a thermal-hydraulic network with one primary and three secondaries can potentially synchronize as well [5] . The present study is meant to examine the temperature synchronization that might occur among the rooms of a building due to PI controlled heating. Because heating operations for a large building can be very expensive, it would be good to take advantage of synchronization in order to reduce cost in some way.
We consider a large number of rooms, each with its own heater that provides a variable amount of heat. The heat rate is controlled by a PI controller. A set temperature is prescribed which is desirable for all rooms to reach. At any given time, there is a certain amount of error associated with this set temperature and the actual temperature of the room. The PI heater provides an amount of heat that is proportional to the weighted sum of the error and its time integral. Because heat can be transferred through the walls between adjacent rooms, the rooms are thermally coupled. It is possible that this coupling might affect the temperature behavior of the rooms and the performance of the controller. Thus, the factors that determine the stability of the PI solution are sought.
MATHEMATICAL MODEL
Consider a set of n rooms arranged in a ring as shown in Fig. 1 . A detailed view of three rooms is shown in Fig. 2 . For simplicity we assume that each room is identical. Heat can be exchanged between neighboring rooms and between a room and the environment. Each room is heated by a source that is under PI control.
Using a lumped capacitance approximation, an energy balance for the i th room is
where t * is time, T * i (t * ) is the temperature of the i th room, T * i+1 (t * ) and T * i−1 (t * ) are the temperatures of its two neighbors, T * ∞ is the temperature of the environment, q * i is the heat rate, U and A are the overall heat transfer coefficient and surface area respectively between neighboring rooms, and U o and A o are the overall heat transfer coefficient and surface area respectively between the room and the environment. Also, C = m w c w + m a c a , where m w and c w are the mass and specific heat of the walls respectively, and m a and c a are the mass and specific heat of the air respectively. Equation (1) is non-linear because the forcing function q * i depends on T * i . The temperature of the environment will be given by
whereT * ∞ is the average environmental temperature,T * ∞ is the amplitude of environmental temperature oscillation, and ω * is the frequency of environmental temperature oscillation.
Equation (1) can be non-dimensionalized as
where the non-dimensional quantities are
The parameter λ represents the strength of the thermal coupling between adjacent rooms. For larger λ, the interaction between neighboring rooms is stronger. If λ is large enough, the ring of rooms begins to behave as though it were simply one large room. If λ is equal to zero, then there is no coupling between rooms and each oscillates independently of its neighbors.
The heat rate, Q i , is a function of the error between the set temperature and the actual temperature of a room and can be written as e i = T s − T i , where T s is the set temperature. With PI control, the heat rate is then given by
where K p is the proportional gain, K i is the integral gain, and s is a dummy variable. Using a small perturbation method, we can write the temperature of a room as T i = T s + T i , where T i is a small perturbation from the set temperature. If we use this definition of T i in Eqn. (3) along with the definition of Q i in Eqn. (4) and differentiate, we obtain
which is a second order, non-linear differential equation that governs the behavior of the room temperature.
TEMPERATURE PROFILE
Numerical integration was used to calculate the timedependent behavior of the system of n equations. A fourth order Runge-Kutta method was implemented on Eqn. (5) in order to plot temperature variations over time.
Constant Environmental Temperature
If the temperature of the environment is not changing, then T ∞ is equal to zero and Eqn. (5) reduces to
(6) Figure 3 shows the behavior for various K p and K i for a single room. The horizontal dashed line indicates the set temperature. 
Sinusoidal Environmental Temperature
If the temperature of the environment varies sinusoidally, thenT ∞ is some constant value and Eqn. (5) remains the same. Figures 4-6 show how the behavior changes with ω. It can be seen that as the frequency of environmental temperature increases, the temperature of the room oscillates with increasing amplitude about the set temperature. The PI controller is able to compensate for the oscillation of T ∞ at small frequencies, but cannot keep up when ω becomes too large. Figure 7 shows the behavior of eight rooms each at the same value of K p and K i . It is seen that even though the temperature of the rooms still oscillate about the set temperature after a long time, they have synchronized and are operating in phase with one another. 
where C K = −2λ − K p − 1 and the dots signify derivatives with respect to time.
The eigenvalues of A determine the stability of the system. If all eigenvalues are negative, the system is stable. If any one eigenvalue is positive, the system is unstable. Because the characteristic equation A − λI = 0 is difficult to solve symbolically for large n, the eigenvalues were determined numerically for a range of λ, K p , and K i . Figure 8 shows the stability of the system for a nominal value of λ = 0.06. Circles represent combinations of the PI gains for which the system is stable, while X's represent combinations for which it is unstable. The numerical analysis was conducted for values of λ ranging from 0 to 100 (representing more than the range of physically realistic values) and for n ranging from 1 to 50. In every case, the result was identical to Fig. 8 . The system appears to be stable for all K p > −1 and K i > 0. It is however, unaffected by changes in λ or n. This suggests that the stability of coupled rooms with PI control is independent of the number of rooms and the strength of coupling.
